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Outline:

 Motivation: 

 Availability of sensor nodes for distributed measurements of environmental

variables.

 Examples of hardware, application examples, data.

 Basic concepts about learning spatial maps (Spatial interpolation)

 Review of methods

 Triangular Irregular Networks (TIN)

 Inverse Distance Weighted (IDW)

 Global and Local polynomial regression (LWR)

 Radial Basis Functions (RBF)

 Splines

 Gaussian Processes / Kriging

 Model evaluation

 Available tools

 Summary
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Mission:

Develop smart chemical

sensor systems based on

micro-nano technologies

embedding advanced signal

and data processing
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Statistics
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DISTRIBUTED DATA
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Distributed data

 The issue of learning over distributed data is becoming more and more 

important due to the increasing availability of sensor nodes even for

consumer applications.

 Environmental surveys are almost always based on samples at discrete 

points (I will not cover particularly hyperspectral imaging) , but in general 

the measurements represent a continuum in space from which the sample 

has been drawn. Most analysts and their clients want to know what values 

are likely at intervening places

https://www.netatmo.com/en-GB/weathermap
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Distributed data

 The number of profesional and consumer grade monitoring stations

connected to the Internet of things are growing extremely fast
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Distributed data

 A variety of companies sell OEM modules for chemical monitoring

based on chemical sensors

Libelium’s WASP mote
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Distributed data: Wireless interfaces
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Distributed data: Wireless interfaces

Libelium catalog of products
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Distributed data: Applications examples

From libelium webpage: http://www.libelium.com
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Distributed data: Pollution monitoring

 Pollution monitoring is available only in a discrete network of pollution

stations, but information is fused with metereological data to predict

pollutant dispersión.

http://www.bsc.es/caliope
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Spatially Distributed data

 APPLICATION DOMAINS

 Environmental data is often collected at discret observation stations

 Environmental pollution

 Meteorological station data

 Geological data

 Soil type

 Soil moisture

 Vegetation data

 Altitude (maps)

 Main issues:

 Field data is expensive to collect or it can’t be collected everywhere

 Irregular sampling points

 Partial data coverage

 Irregular sampling times

 Noisy observations

 Interferences
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Learning Goals

 Understand the need of learning over spatially distributed data

 Define spatial interpolation

 List global and local interpolation methods

 Differentiate between exact and approximate interpolation

 Describe kriging

 Understand the different sampling methods

 Get introduced on tools for spatial data management

 We will NOT describe throughly the maths of the different methods

(just give some hints on methods behaviour) and basic equations.
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BASIC CONCEPTS
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Spatial Interpolation

 Features of the environment, such as pollution levels, are the product of

many interacting physical, chemical and biological processes. These

processes are physically determined, but their interactions are so

complex that the variation appears to be random. This complexity and

incomplete understanding of the processes means that a deterministic or

mathematical solution to quantify the variation is out of reach at present.

 Definition:

 “Spatial interpolation is the procedure of estimating the values of properties at 

unsampled sites within an area coverd by existing observations” (Waters, 

1989).
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Spatial Interpolation: Methods

Global

All samples are used for the

interpolation at a point

Local

Only samples in the neighborhood

of the point are used

Exact

The map goes exactly through the

measurement points

Approximate

The map will pass close to the

measurement points

Deterministic

Rules are applied and the method

provides the interpolation

Stochastic

Samples are considered random

variables

 Triangular meshes: TIN (triangular irregular network)

 Inverse Distance Weighting (IDW)

 Global and Local Weighted Regression

 Regression Models: Radial Basis Functions (RBF)

 Splines

 Gaussian Processes and Kriging
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Spatial interpolation

 Main underlying hypothesis:

 Interpolation is useful only if values are spatially dependent, or in other words if

they are spatially autocorrelated.

 Example of autocorrelated spatial data:

 Temperature

 Precipitation (rain))

 Humidity

 Pollutants distribution

 The main hypothesis in the following presentation is:

 Spatially close mearurements are more correlated than distant

measurements. 
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Sampling
Design

Data Collection Model Building

Spatial Interpolation

Z 𝑥, 𝑦 =  

𝑘=1

𝑀

𝑎𝑘𝐺𝑘 𝑥, 𝑦
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Spatial interpolation

 Data types:

 Dense data typically from hyperspectral imaging.

 Sparse data originating from discrete monitoring stations.

 Example: Percentage of covering vegetation.

Interpolated from discrete

measurements
Aerial measurements in IR band

J.P. Mund, 2013
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Spatial Interpolation: Data sampling

Uniform sampling Random Sampling Cluster Sampling

• Uniform sampling is not always posible due

to practical difficulties and produces bias

• Cluster sampling provides measurements in 

most accesible áreas (e.g. towns)

• Adaptive sampling proposes higher density

poitns in areas of higher variability, it is

typically an interative process.
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Spatial Interpolation

 Exact Interpolation:

From 𝑥𝑖 , 𝑦𝑖 , 𝑧𝑖 𝑖 = 1 … 𝑁 find Z:ℝ2 → ℝ such that Z 𝑥𝑖 , 𝑦𝑖 = 𝑧𝑖

Using Generalized Linear Models (GLM) exact interpolation results in a system of 

equations with N points and N unknown coefficients. The choice of the basis

functions is critical.

Z 𝑥, 𝑦 =  

𝑘=1

𝑁

𝑎𝑘𝐺𝑘 𝑥, 𝑦

The problem of finding the interpolation coefficients can be stated as a matrix

equation:

𝐺1 𝑥1, 𝑦1 ⋯ 𝐺𝑁 𝑥1, 𝑦1

⋮ ⋱ ⋮
𝐺1 𝑥𝑁 , 𝑦𝑁 ⋯ 𝐺𝑁 𝑥1, 𝑦1

𝑎1

⋮
𝑎𝑁

=

𝑧1

⋮
𝑧𝑁

or 𝑮𝒂 = 𝒛

Provided G is non singular 𝒂 = 𝑮−𝟏𝒛
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Spatial Intepolation

 Approximate interpolation:

 When experimental points have a substantial amount of noise, regression is more robust

than interpolation. 

From 𝑥𝑖 , 𝑦𝑖 , 𝑧𝑖 𝑖 = 1 … 𝑁 find Z:ℝ2 → ℝ such that Z 𝑥𝑖 , 𝑦𝑖 ~ 𝑧𝑖

Typically the approximation is enforced in a least square sense.

Using Generalized Linear Models (GLM) exact interpolation results in a system of equations

with N points and M<<<N unknown coefficients.

Z 𝑥, 𝑦 =  

𝑘=1

𝑀

𝑎𝑘𝐺𝑘 𝑥, 𝑦

The problem of finding the interpolation coefficients can be stated as a matrix equation:

𝐺1 𝑥1, 𝑦1 ⋯ 𝐺𝑀 𝑥1, 𝑦1

⋮ ⋱ ⋮
𝐺1 𝑥𝑁, 𝑦𝑁 ⋯ 𝐺𝑁 𝑥𝑁, 𝑦𝑁

𝑎1

⋮
𝑎𝑀

=

𝑧1

⋮
𝑧𝑁

or 𝑮𝒂 = 𝒛

Provided G is well conditioned 𝒂 = 𝑮+𝒛 where 𝑮+ = 𝑮𝑻𝑮
−𝟏

𝑮𝑻

To ensure particular behaviour on the solution additional objective functions with

penalty functions. This is a regularization approach. 
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SPATIAL INTERPOLATION 

METHODS
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Exact Spatial Interpolation: TIN

 Triangular meshes (Peuker -1978): Triangular Irregular networks

 This exact interpolation starts by definin a triangular mesh on the {x,y} map.

 There could be many triangular meshes:

For interpolation, triangles should not be with small angles.
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Exact Spatial Interpolation: TIN

 Triangular meshes: Delaunay Triangulation

 A Delaunay triangulation for a set of P points in a plane is a triangular mesh such

that no point in P is inside the circumference defined by any triangle in the mesh.

Image from wikipedia

Within each triangle values are interpolated

by linear interpolation or cubic polynomial

interpolation (Ripley, 1981)
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Exact Spatial Interpolation: TIN

 Dulanay triangularization and cubic interpolation

J.P. Mund, 2013
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Exact Spatial Interpolation: IDW

 Inverse Distance Weighted (IDW)

 Each point has a local influence

that diminishes with distance.

𝑧 𝑥 =
 𝑖 𝑤𝑖𝑧𝑖

 𝑖 𝑤𝑖

𝑤𝑖 =  1
𝑑𝑖

𝑛

n is typically 1,2,3

Sum is over all points

 Undesired characteristic of IDW:

 In areas with no data far away from

the simple pointts IDW just tends to 

the mean of data.  
J.P. Mund, 2013

Bivand, 2008
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Approximate Spatial interpolation: Global 

 Whole area polynomial interpolators (trend estimation):

 Sometimes beyond local features the local trend is estimated with polinomials

over the whole exploration área to extract smooth trends. 

J.P. Mund, 2013
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Approximate Spatial interpolation: Local

 Local Polynomial interpolation fits polynomials based on neighrest

neighbours to point of interests (Local Weighted Regression)

 Neighborhood can be defined in terms of size and shape, or in terms of numbers

of neighbours

 Typically polinomial orders vary between 1 and 3.

 Typically weighted leasts squares is used for model estimation where closer

points are given more weight than distant points. 

 A number of ‘kernels’ can be used to define the dependence on distance.

 Even anistotropic kernels have been proposed.

J.P. Mund, 2013
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Approximate Spatial Interpolation

 SMA: Spatial Moving Average.

 Simplified form of LWR (no weights, polynomial order zero)
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Radial Basis Function Networks

Exact interpolation (Powell, 1987):

  
n

n

n xxwxh )(

A regressor centered in 

every data point. 













2

2

2
exp)(



x
x

The weight 

parameters may be

obtained by matrix 

inversion:

tW 1

Data points
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Approximate Spatial Intepolation: RBF
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Radial Basis Function Networks

 Modifications from the exact 

interpolation approach towards 

approximate interpolation.

 The number M of basis functions need 

not to equal the number of data points 

and is typically much less than N

 The centres of the basis fucntions are 

no longer constrained to be given by 

the input data vectors

 The determination of the centers 

becomes part of the training process

 Each basis function may have its own 

covariance

 Once centers have been chosen 

second layer can be trained by linear 

least squares. 

  TT

T TW









1
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Spline Regression: Thin Plate Splines

 The thin plate spline uses a 

kernel of the form:

 𝒖 𝒓, 𝒓𝒊 = 𝒓 − 𝒓𝒊
𝟐 𝒍𝒏

𝒓−𝒓𝒊

𝒅

 Given a set of data points, a 

weighted combination of thin

plate splines centered on the

data points provides an exact

interpolation while minimizing

the total curvature (bending

energy).

 𝑍 𝑥, 𝑦 = 𝑎0 + 𝑎1𝑥 + 𝑎2𝑦 +  
𝑖=1

𝑁

𝑏𝑖 𝑢(𝑟, 𝑟𝑖)
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Laplacian Smoothing Spline (Thin Plate Splines)

 The smoothing spline is a method of fitting a smooth curve to a set of 

noisy observations using a spline function. 

 The smoothing spline minimizes the following objective function over

the class of twice diferenciable functions. 

𝑄 =  

𝑖=1

𝑁

𝑧𝑖 − 𝑍 𝑥𝑖 , 𝑦𝑖
2

+ 𝜆𝐽2 𝑍

The regularization parameter is found by CV.

𝐽2 𝑍 =  𝑑𝑥𝑑𝑦 𝑍𝑥𝑥
2 + 2𝑍𝑥𝑦

2 + 𝑍𝑦𝑦
2

𝑍𝑥𝑥
2 ≡

𝜕2𝑍(𝑥, 𝑦)

𝜕𝑥2
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Spline interpolation in noisy data

Exact interpolation

Approximated interpolation

with two values of the

regularization parameter
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Random multivariate signals

 The value of a property, say z at any

place (x,y) denoted z(x,y) is just one

of the many infinite values of the

random variable at that place. Its a 

‘realization’ of the process. 

 When we consider the infinite

collection of random variables we

say is a random process.

 We hypothesize that closer random

variables are more correlated.

 More correlation can lead to 

smoother maps. 

 Problem; at a given time we have

only a given realization. 
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Review of Gaussian Random Variables

 Meet the multivariate Normal or Gaussian
density N(,):

 For a single dimension, this expression reduces 
to the familiar expression

 Gaussian distributions are very popular

 The parameters (,) are sufficient to uniquely 
characterize the normal distribution

 If the xi’s are mutually uncorrelated (cik=0), then 
they are also independent

 The covariance matrix becomes diagonal, with 
the individual variances in the main diagonal

 Central Limit Theorem

 Marginal and conditional densities

 Linear transformations












  μ)(Xμ)(X

2

1
exp

)(2

1
(x)f 1T

1/2n/2X























2

X

μ-X

2

1
exp

2

1
(x)f



Materials in this slide adapted from Dr. Ricardo Gutierrez, Texas A&M, USA
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Review of probability theory

 The covariance matrix (cont.)

 The covariance terms can be expressed as

 where ik is called the correlation coefficient

 Graphical interpretation











































2

N1N

1N

2

1

NNNN11NN

NN111111

TT

...c

......

c...

)]μ)(xμE[(x...)]μ)(xμE[(x

...

)]μ)(xμE[(x...)]μ)(xμE[(x

μ)(Xμ)(X
N

1
μ)](Xμ)E[(XCOV[X]







Xi

Xk

Cik=-ik

ik=-1

Xi

Xk

Cik=-½ik

ik=-½

Xi

Xk

Cik=0

ik=0

Xi

Xk

Cik=+½ik

ik=+½

Xi

Xk

Cik=ik

ik=+1

kiikik

2

iii candc  

Materials in this slide adapted from Dr. Ricardo Gutierrez, Texas A&M, USA
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Gaussian Processes

 Definition:

 A Gaussian Process (GP) is a collection of random variables, any finite number

of which have a joint Gaussian Distribution.

 A GP is completely specified by its mean function and the covariance function.

𝑚 𝒙 = 𝐸 𝑓 𝒙

𝐶𝑜𝑣 𝒙𝒑, 𝒙𝒒 = E 𝑓 𝒙𝑝 − 𝑚 𝒙𝑝 𝑓 𝒙𝑞 − 𝑚 𝒙𝑞

 GP for Spatial Interpolation

 GP is a collection of random variables continuously distributed over the spatial

domain

 GP can be considered as a random function that interpolates over the domain. 
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Random multivariate images

 Additional hypothesis

 Time variaion

 We do not consider the time variation

 Time can be considered as an additional dimensión with the same formalism

 Stationarity.

 Correlation among random variables depend on just the distance, but not the

particular point in the map. 

 In the basic formulation the mean is assumed to be constant over the Surface. If

we suspect it is not, usually a smooth baseline model is estimated and 

substracted from data. Then the same analysis is applied. 

 Ergodicity

 We asume that averaging accross samples in space is the same as averaging

across realizations.

𝐶𝑜𝑣 𝒉 = E 𝑓 𝒙𝑝 − 𝑚 𝑓 𝒙𝑝 + 𝒉 − 𝑚
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Empirical Semivariance

 Instead of using the covariance, the semivariance is often used to 

characterize the space variability. Both of them are related. 

𝛾 𝒉 =
1

2
Var 𝑍 𝒙 − 𝑍(𝒙 + 𝒉)

𝛾 𝒉 =Cov(0)-Cov(h)

 The representation of the

semivariance agains distance is

called the variogram. 

Experimental variograms of log10[K] in 

the soil in a farm.

Left column 87 measurements

Right column 434 measurements

Minimum distance 40 m. 

Variograms have been fitted to diverse

models.(Oliver, Webster, 2013) 
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Fitting the variogram

 In order to properly model the Gaussian Process (Also named Kriging) 

we need to know the variogram for any distance. 

 In order to do so, analytical functions are fitted to the empirical

variogram. 

 The simpler (and often used) models are spherical. 

 The most common model is:

𝛾 ℎ = 𝑐0 + c
3ℎ

2𝑟
−

1

2

ℎ

𝑟

3

for h<r

𝑐0 + c for h ≥ 𝑟

0 for h=0

Where h is the distance, c0 is called the nugget variance it respresents the

variance measurement, c0 +c is the process variance.
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Alternative models for the variogram

 Exponential:

𝛾 ℎ = 𝑐0 + 𝑐 1 − 𝑒𝑥𝑝 −
ℎ

𝑎

𝛾 ℎ = 0 ℎ = 0

 Power

𝛾 ℎ = 𝑐0 + 𝑏ℎ𝜂 with 0<𝜂 < 2
𝛾 ℎ = 0 ℎ = 0

 Gaussian:

𝛾 ℎ = 𝑐0 + 𝑐 1 − 𝑒𝑥𝑝 −
ℎ2

𝑎2

𝛾 ℎ = 0 ℎ = 0

 Gaussian variograms are not

recommended since they lead to 

over smooth maps
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Issues on the estimatio of the variogram

 Sample size:

 A the amount of samples over the domain impact the

quality of the variogram. Few samples will provide a large

variance in the variogram.

 Distance between samples and domain size.

 If the domain size is too small, we will not see the

asimptotic variation of the correlation

 If the sample distance is too large maybe we cannot grap

the most important change in the variogram.

 Distribution of samples. 

 Its important that samples are gaussian distributed. If not

proper non-linear transformation are recommended to 

improve variogram computation. Typical transformation

are logarithms or power functions. A number of ways to 

determine if data is gaussian exist but the easiest thing is

too do a boxplot. This also helps to identify outliers. 

 Anisotropy

 Sometimes there are preferential directions. To 

identify this the variogram can be estimated in 

different directions of h. If important diferences

arise an anisotropic model may improve map. 
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Prediction equations for the Gaussian Process.

 K(X,X) is the covariance matrix of the sample set data (it can be 

extracted from the variogram).

 σ is the measurement noise.

 K* is the vector of covariances between the prediction point and all the

others in the training set.

 Y is the vector of prediction points in the training set.

 𝑓∗ = 𝑘∗
𝑇 𝐾 + 𝜎𝑛

2𝐼 −1𝑌

Var(𝑓∗) = 𝑘 𝑥∗, 𝑥∗ − 𝑘∗
𝑇 𝐾 + 𝜎𝑛

2𝐼 −1𝑘∗

 Note that the prediction is a weighted combination of Y values. The

dependence on the point is hiden in k*.

 The technique additionally provide the variance of the point.

 The technique uses the empirical variogram to account for the shape

of the existing



Introduction to Data Analysis for Chemical Sensors

Santiago Marco

Universitat de Barcelona

48

Example of results with GP / Kriging

http://www.mathworks.com/matlabcentral/fileexchange/29025-ordinary-kriging
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Evaluation of the results

 The evaluation of interpolation

quality is often done by the

same methods used to 

evaluate regression models.

 The main technique is Cross-

Validation: either k-fold and 

Leave-one-out.

 Typical figures of merit are: 

Ji, Heap, 2008
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Tools for Spatial Interpolation

 Many tools are available in the public domain:

 GSLIB

 GSLIB is a collection of routines developed in Stanford University during the 90s.

 The source code is in FORTRAN 90

 Routines description is available as a book

 http://www.gslib.com

 GSTAT in R

 http://cran.r-project.org/web/packages/gstat/index.html.

 GSTAT in MATLAB

 http://mgstat.sourceforge.net/

 PYSAL in Python

 https://pypi.python.org/pypi/PySAL

 Some geographic information systems (GIS) have built in options for spatial

interpolation. For instance the ‘Spatial Analyst’ in ArcGIS ver. 9.2.

 General remark: 

 Obtaining interpolation maps with current software can be just some clicks away

but the use of the algorithms as black boxes can lead to bad estimations

particularly in sparsely sampled domains.
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Summary

 There is a growing trend to have more distributed environmental data due to 

low cost sensor nodes.

 In many occasions the final goal is to have a map over a whole domain of 

the variable of interest.

 Many methods exists coming from different disciplines and with different

assumptions, but the field is known today as Spatial Statistics. 

 While many methods may work, the recommended method today is known

as Kriging or Gaussian Processes.

 Ready available tools are available in several programming languages and 

softwares

 The user needs to know basic concepts about the algorithms to understand

what he/she is doing.
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